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Exercise 3

If α is symmetrical and β is antisymmetrical, show that (α : β) = 0.

Solution

α is symmetrical implies that αij = αji, and β is antisymmetrical implies that βij = −βji.

α : β =

 3∑
i=1

3∑
j=1

δiδjαij

 :

(
3∑

k=1

3∑
l=1

δkδlβkl

)
=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δiδj : δkδl)αijβkl

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δi · δl)(δj · δk)αijβkl

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

δilδjkαijβkl

=
3∑

i=1

3∑
j=1

3∑
k=1

δjkαijβki

=
3∑

i=1

3∑
j=1

αijβji

=
3∑

i=1

(αi1β1i + αi2β2i + αi3β3i)

= α11β11 + α12β21 + α13β31

+ α21β12 + α22β22 + α23β32

+ α31β13 + α32β23 + α33β33

Switch the indices of α in the lower left.

= α11β11 + α12β21 + α13β31

+ α12β12 + α22β22 + α23β32

+ α13β13 + α23β23 + α33β33

Switch the indices of β in the lower left. Many terms cancel as a result.

= α11β11 +���
�α12β21 +

XXXXα13β31

−����α12β21 + α22β22 +���
�XXXXα23β32

−XXXXα13β31 −����XXXXα23β32 + α33β33

Switch the indices of β.

= −α11β11 − α22β22 − α33β33

= −(α11β11 + α22β22 + α33β33)

The only number equal to its negative is zero.

= 0
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